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ABSTRACT

SZOLD is a form of the three-parameter lognormal distribu-
tion. As originally defined, its normalization factor permits
negative values of the distributed variable for some positively
skewed distributions and for all negatively skewed distributions.
Correct normalization factors are given here, and the degree

of truncation is shown as a function of the distribution
parameters.

Rowell and Levit [ 1] developed the skewed zeroth-order logarithmic
distribution (SZOLD) as a tool to be used for particle-size analysis
of colloidal systems. They felt that SZOLD differed from a skewed
normal distribution in that it did not "admit negative sizes." They
defined its probability density function as

f(x) = Nvexp - {In®[1 + s(x - xm)/xm]/ZO2 } (1)

where N is a normalization factor, X is the mode of the distribution,

s is a skew parameter, and ¢ is a breadth parameter. As a measure
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of skewness, they used the ratio, (x1 - xm)/(x2 - xm), where Xy < X
< X and f(xl) = f(xz), which they called '""balance.”"” They expressed

surprise that balance was independent of the skew parameter s.
Using the relationship

oC

fo f(x)dx = 1 (2)

and setting y = In[ 1 + s(x - xm)/xm], they integrated the transformed

equation over the range 0 < y < =, Stating that the result was equal
to N/2 because the integral was symmetrical about y = 0, they con-
cluded that

N = (Gm)-l (s/xmeca/z) (3)

Although negative values of N, which occur when s < 0, appear incom-
patible with Eq. (2), they argued rightly that the minus sign could be
ignored because "'it indicates only that the direction of the coordinate
has been effectively reversed by negative s."

_Since y = 0 at the modal value of x, integration over the range
0 < y < wcould represent N/2 only if the distribution's mode and
median were identical, which is unlikely to be true of a unimodal
skewed distribution. An inspection of the transformed variable y
also reveals that it is symmetrical about the median only if s > 1,
unless negative values of x are permitted. Since Rowell and Levit
intended SZOLD to be a size distribution function for small particles
they limited x to the range 0 < x < «, Their definition of N [ Eq. (3)]
is therefore not valid when s < 1. Further consideration will be
given to this anomaly, and to that of a skew parameter that does not
appear in their quantitative definition of skew, after the distribution
function has been put into a more familiar form.

Let

Xp =X [1-(1/8)] . (4)
so that

xm/s =x - X (4a)

On combining these equations with Eqs. (1) and (3), the distribution
function can be put in the form
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- lnf(x) = In(cvV27) + ln(xm - xL) +(62/2)

2 2
+[In(x - xL) - ln(xm - xL)] /20 (5)
Expanding the last term and rearranging gives

- Inf(x) = In(c V27) + {[In(x - xL) - ln((xm - xL) e(Ia )12/20 2}

+ In(x - xL) (5a)
The distribution function becomes

f(x) = [0 V2T (x - xL)]_1 exp - {[1ln(x - x;) - ln((xm - xL)eoz)]‘z/Zcr)z}
5b

This is the probability density function for the three parameter log-
normal distribution [ 2]. Since it includes the normalization factor
derived by Rowell and Levit, it necessarily permits negative values
of x. The nature of the distribution varies with s (or xL) as shown
in Table 1. For all positive values of s, X1, is the lower limit of the
distribution, passing from X at s = <to - xat s = +0. For all nega-

tive values of s, x. is the upper limit of the distribution, passing

L
from © at s = -0 tox ats =- «, The distribution function then
becomes m

f(x) = [0 V21 (xL - x)]—1 exp - {[ln(xL - X) - ln((xL - xm)eoa)] 2/ 0(2 })
5c¢

Thus SZOLD is simply an awkward form of the three-parameter
lognormal distribution. In its usual form, the statistical parameters
of customary interest are well-known [ 3]:

Mean:
2
- o°/2
x—xL+(xg— xL)e
_ 30%/2
=Xy +(xm-xL) e
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TABLE 1.
Xp, f(x)
1 0< X, < X0 Three-parameter lognormal
distribution; positively skewed;
x, < x < w
L
0 Two-parameter lognormal
distribution; positively skewed;
0 <x<
0<s <1 X, <0 Three-parameter lognormal
distribution; positively skewed:;
- f(x) =0 for all x; - < x< =
<0 > X Three-parameter lognormal
m distribution; negatively skewed;
-0 {x X
L
£ x f(x # Xm) =0; f(Xm) =
Median:
X =x +(x_-x )ecra
g L m L
Mode:
2
x =x. +(x_ -x.)e’
m L g L
Variance:
2 2 2
2 _ 4z 2, 0 _ 2 3o g
Ty -(x-xL) {e -1)—(xm-xL e’ (e -1) (6)

Coefficient of variation:

2
V= (ecr - 1)

Coefficient of skewness:

2
_ 1)1/2

2
Sk = (e(I + 2) (eo
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Coefficient of kurtosis:

40?2 302 202

K=e + 2e + 3e -6
The j-th moment about Xy is
. . 2 2 . - : 2
(x]. - xL)] = (xg - xL)] el ¢ /2 = (xm - xL)] e ¢ /2 +] (6a)

The ratio (x]. - xL)/(xm - xL) is a function only of 0% and j. Except

for reversing the direction of skew as s changes sign, the "skew"
parameter has no effect on skewness.

The normalization factor for equations 6 is given by equation 3.
When the variable x represents colloid diameters, all distributions
that permit negative values of x, that is, all those for which s < 1,
must be truncated and the normalization factor adjusted accordingly.
To evaluate N for these cases, let

2= (VZ0y i [(x - x)/txy, - %)) - 0/ VT M)
Then
dx = (xm - xL) (0V2)exp[oV2Z(z +0/Y/2)]dz (7a)

and Eq. (2), with proper limits, becomes
X2 2

2 Z2
S fx)ax = N(x - %) ovTe’ /2 [ e?% dz=1 (o)
X) Z)

When 0 < s < 1, Xy is negative and the lower limit becomes x = 0.

The normalization factor becomes
oo 2 -1 2N
N =N [n'l/z [ e® dz] =— (8)
z, (1 - ert z+)

where

z+=z1=(0\/§)'11n(1- s)-0o/V2 (8a)
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FIG. 1, Values of S and o for several degrees of truncation.



